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An approximation formula is derived which provides a simplified
and efficient method of calculating the O'th percentile point of a
two parameter beta function when the two parameters are known. A
specific application is presented by utilizing the formula to com-
pute the lower 100(1-0!)% Bayesian confidence limit for the reli-
ability of a component when the prior distribution of that
reliability is known to be beta with parameters a' and b*. The
posterior distribution is then determined by mission testing n
items and recording the number of successes, s. This distribution
is known to be beta with parameters a and b, where a = a' + s and
b = b' + n - s. Therefore, the formula can be utilized to deter-
mine the Ofth percentile point of this posterior distribution which
by definition is the lower 100(l-a)% confidence limit for the
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I. INTRODUCTION
The object of this paper was to determine a method of approxi-
mating the (¥th percentile point for tha reliability of a component
when this reliability is known to have a beta distribution. More
specificallv , the prime interest was in approximating percentile
points of highly skewed, two parameter beta distributions. The
approximation formula that was derived provides a simplified
method for determining the CKth percentile point of a beta distri-
bution when the two parameters a and b are known.
Given that the reliability R of a component is distributed
beta with parameters a T and b T the posterior distribution of R can
then be determined.
Let n = the number to be sampled
Let s = the number of successes
Let f = the number of failures
The n items are then mission tested. By applying Bayes Theorem,
the posterior distribution of R is found to be beta with para-
meters (a* + s) and (b' + f )
.
Let a = a f + s and b = b' + f
Therefore, the posterior distribution of R is beta with parameters
a and b. Once the values of a and b have been determined, the
formula below can be utilized to approximate p , the #th percen-
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Where Z, is a number such that PjZ > Z_ _| = 1 -d. and Z is* l-cj "
distributed normal (0,1). Therefore, Z can be looked up in




Given that the prior density, h (r;a',b'), is known and that




the posterior density, f . (rjs), can be computed by use of Bayes
Theorem:










Once the posterior density has been determined the lOO(l-a)!
Lower Bayesian Confidence Limit, R , is defined by,
L ( c*
)
{^w R = i-a
where R is the reliability of the component. Therefore, R . . i-c
L(tt
)
the Qfth percentile point of the posterior distribution of R.
B. APPROXIMATING A BINOMIAL DISTRIBUTION WITH A BETA DISTRIBUTION
The following identity relates the binomial distribution with
the beta distribution. If U is distributed beta with parameters






for ^ p ^ 1.
Therefore, P(U ^ p) = P(X^ s) where X is distributed binomial
with parameters n and p.

C. THE POSTERIOR DISTRIBUTION
Given that the prior density, h (r;a',b') is beta with para-





a',b.) = ^T^y ra '- 1 (l-r) b '- 1 > for * r * 1
The conditional density, g i (s|r), is binomial with parameters
n and r where
n = the number of items to be mission tested
r = the probability of success
s = the number of successes observed.






The posterior density, f i (r|s) is given by
f
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_F ( a ' +b ' +n ) a'+s-l., .b'+n-s-l
=
s l r (1-*)
r(a T +s)r(b»+n-s)
Therefore, the posterior density is beta with parameters (a' + s)
and (b f + n - s). Let a = a' + s and b = b' +n - s. Therefore,
the posterior distribution of R is beta with parameters a and b.

III. THE APPROXIMATION FORMULA
A. DERIVATION
If X is binomial with parameters n and p, then Y = 2 Arcsin J—
in radians is approximately normally distributed with parameters
? ,. 2 11












2 Arcsin \ +— - 2 Arcsin « p
1
Where— is a correction for continuity analogous to that used
with the normal approximation.




[ u £ P ] = s [j) p D (i-p)
n ~ 3
= pLx * s ]
and
j^s
P [U * p ]
where X is binomial with parameters n and p.
p[u ^ p] = P
= P[2 Arcs in J - ^ 2 Arcsin J - 3in II n
= P[z ^(2 Arcsin j"^- 2 Arcsin J~p) \TrT ]
Brownlee, K.A., Statistical Theory and Methodology in




— and Z is distributed normal (0,1). Now use ~ as
n \ > j 2n
Where p = E
a continuity correction factor.
P[U ^ p] = P[Z^(2 Arcsin •- + j- - 2 Arcs in fp) \jrn ]
s
. 1
= P[z ^(2 Arcsin \[p~ - 2 Ar csiu ' - + ~ ) frT ]
If U is beta with parameters a and b, where a = s and b = n - s + 1
b = n - s + 1
b = n - a + 1
n = a + b - 1
s
.
1 2s + 1 2a + 1
n 2n 2n
therefore,






2(a + b - 1) a + b -1
(
:Z ^{2 Arcsin J"p~ - 2 Arcsin \
a+b-1 a+b-1
n a+b-1
Therefore, 2 Arcsin U is approximately normally distributed
\ a+b-1 ' a+b-1 J
'
In Bayesian analysis we want p such that pLu > p] = l-a,
^ a ^ 1.
Then p is the lower 100(l-a)% Bayesian Confidence Interval on U,
Plu > p] = P[z >(2 Arcsin
-fp
- 2 Arcsin j
a
|^_ ) ja+b-1 ]
Therefore
(2 Arcsin fp" - 2 Arcsin
'J ^j^ ) ^ a+b-1 = Z1-Q,
where Z n „, is a number that p[z > Z-1 „,] = l-a and can be lookedl-a
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For simplicity, the fraction 3g was dropped from the numerator of
the second term. This had the effect of reducing the approximated
value of p - To compensate for this reduction, a correction factor
was added to the formula as shown below:
2
Sin '1-a + Arcsin
.j
2 \| a+b-1 I
a+b-1
However, if b < 1.0 then
2(a+b-l)
> 1.0 and the Arcsin is not defined
a+b-1
when the argument is greater than one. To prevent this problem,
so that the approximation formula can be used for all values of
b, the second term was modified by adding 1.0 to the denominator.
After comparing the approximated values with the computed ones,
the correction factor was also modified by multiplying the denomi
nator by 3 instead of 2. This resulted in reducing the approxi-
mation to just below the computed value of the Oith percentile
points for low values of b, instead of just above it, as it was
found to be originally. This change also caused the approximated
values to be more uniformly accurate throughout the range of b.
12

Therefore, the final appr oximation formula for the ath
percentile points of the beta distribution is:




sin (nSi + Arcsin i^j\ +^
B. ACCURACY RESULTS
The Qftn percentile points generated by the approximation for-
mula compare very favorably with the computed values which will
hereafter be referred to as the "exact 1 ' values. As shown in
Tables I, II and III, the approximation formula results in ex-
tremely accurate values for the percentile points of the beta
distribution, especially for values of b less than or equal to
five. Examination of the results indicates that the approximated
value is less than the exact value when b values are less than
2.5 and greater when b values are greater than 2.5. Therefore,
for values of b near 2.5, the approximation formula results in
values which are very nearly the same as the exact values. The
accuracy cf the approximation is also a function of the parameter
a. As the value of a increases the approximation becomes even
more accurate. After using the approximation formula to compute
various percentile points over a wide range of a and b values, it
was noted that the worst estimated value was less than three
thousandths away from the exact value for values of a greater
than 40 . Therefore, the formula will produce values for the Oith
percentile points of two parameter beta distributions with an
accuracy which should be completely sufficient for most applications
13

TABLE I. Comparison of Approximate and Exact 5th Percentile
Points for the Beta Distribution
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TABLE II. Comparison of Approximate and Exact 10th Percentile
Points for the Beta Distribution
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TABLE III. Comparison of Approximate and Exact 20th Percentile
Points for the Beta Distribution
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This is especially true for values of the 20th percentile points,
Table III, for which the approximated values are exceptionally
accurate.
C. ALTERNATE APPROXIMATION FORMULAS
If the approximation formula is used with the continuity







the resulting percentile points will all be greater than the exact
values. The accuracy of the approximated values is extremely good
for b ^ 1.0, but as the value of b increases, the approximated
values exceed the exact values by an ever increasing amount. As
a result, the approximated values become unacceptable when com-





the continuity correction factor. See Table IV for a comparison
of the values generated by the two formulas.
When the continuity correction factor is decreased by using
4(a+b-l) for the denominator, the approximated values will be
less than the exact values. This trait could be useful if con-






is most accurate for values of b ^ 4.0 due to the fact that, as
the value of b increases, the approximated value of p increases
17

with respect to the^exact value. However, the approximated
percentile points for lower values or" b are not nearly as accurate
as those given by the chosen formula. See Table IV for a com-
parison of the values generated by the two formulas.
The appr oximation formula can be simplified by not subtractirg
1.0 from the denominators of the first term and the correction
factor. The resulting formula,
/ z \1 2
Sin — + Arcsin \ —-r- / + _ , jV .
V2faTb * a+b/J 3U
b)
gives very accurate approximations of the percentile points and
is quite acceptable for most applications. This formula is most
accurate for b ^ 2.5 and should be used whenever b is restricted
to these values. The chosen formula is only superior in that it
results in extremely accurate estimates for all values of b, not
just very low values. However, the formula presented above would
actually be preferred whenever b is restricted to very low values.





TABLE IV. Comparison of Approximate and Exact
Points Generated by Selected Approx:
for the Beta Distribution
20th Percentile
mat ion Formulas
a b | Exact F-l F-2 F-3 F-4
50 .5 .98362 .98151 .98487 .97982 .98156
50 1.0 .96832 .96719 .97052 .96552 .96728
50 1.5 .95486 .95429 .95759 .95264 .95442
50 2.0 .94242 .94225 .94552 .94061 .94240
50 2.5 .93069 .93081 .93405 .92920 .93099
50 3.0 .91950 .91987 .92307' .91826 .92006
50 3.5 .90876 .90933 .91250 .90774 .90953
50 4.o .89840 .89915 .90229 .89758 .89936
50 4.5 .88838 .88929 .89240 .88773 .88951
50 5.o .87867 •87971 .88280 .87817 .87995
ioo • .5 .99180 .99068 . 99236 .98984 .99069
100 1.0 .98403 .98337 .98504 .982 54 .98339
100 1.5 .97711 .97670 .97836 .97588 .97674
100 2.0 .97064 . 97040 .97205 .96958 .97045
100 2.5 .96447 .96436 .96600 .96354 .96440
100 3.0 .95851 .95850 .96014 .95769 .95855
100 3.5 .95273 .95281 .95443 .95200 .95286
100 4.0 .94711 .94725 .94887 .94644 .94731
100 4.5 .94160 .94181 .94342 .94101 .94188

































Find the 20th percentile point for a = 100.0 and b = 2.0.
Assume a' = 51.0 and b* = 1.0. A random sample of 50 items
was then mission tested and one failure was observed.
n = 50.0 and s = 49.0
a = a' + s = 51.0 + 49.0 = 100.0
b = b T +n-s = 1.0 + 50.0 - 49-0 = 2.0







Sin j + Arcsm




[~Too\r==r + Arcs in J in0+?2^ 100+2-1 ' 10 2y 3(100+2-1)
= [Sin (-.04189 + 1.43031)] + .00330
= (.98341) 2 + .OO33O = .96709 + .00330 = .97039
The table value is .97064 and the difference is only -.00025.
B. EXAMPLE 2
Find the 25th percentile point for a = 50.0 and b = 2.5.
Assume a' = 26.0 and b f = 1.5. A random sample of 25 items was
then mission tested and one failure was observed.
n = 25.0 and s = 24-0
a = a' + s = 26.0 + 24.0 = 50.0
20

b=b T +n - s =1.5+25.0 - 24.0 = 2.







.aSm / + Arcsn
« a+b
2 i a+b-1 3(a+b-l'
25






= [Sin (-.04703 + 1.35088)]" + .00647
= (.96456) 2 + .00647 = .93038 + .00647 = .93685
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